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a b s t r a c t
It is well known that the two graph invariants, ‘‘the Merrifield–Simmons index’’ and ‘‘the
Hosoya index’’ are important in structural chemistry. A graph G is called a quasi-tree graph,
if there exists u0 inV (G) such thatG−u0 is a tree. In this paper, at firstwe characterize the n-
vertex quasi-tree graphs with the largest, the second-largest, the smallest and the second-
smallest Merrifield–Simmons indices. Thenwe characterize the n-vertex quasi-tree graphs
with the largest, the second-largest, the smallest and the second-smallest Hosoya indices,
as well as those n-vertex quasi-tree graphs with k pendent vertices having the smallest
Hosoya index.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be a simple undirected graph on n vertices. Two vertices of G are said to be independent if they are not
adjacent in G. A k-independent set of G is a set of k mutually independent vertices. Denote by i(G, k) the number of the
k-independent sets of G. By definition, the empty vertex set is an independent set. Then i(G, 0) = 1 for any graph G. The
Merrifield-Simmons index of G, denoted by i(G), is defined as i(G) =∑nk=0 i(G, k). So i(G) is equal to the total number of the
independent sets of G. Similarly, two edges of G are said to be independent if they are not adjacent in G. A k-matching of G
is a set of kmutually independent edges. Denote by z(G, k) the number of the k-matchings of G. For convenience, we regard
the empty edge set as a matching. Then z(G, 0) = 1 for any graph G. The Hosoya index of G, denoted by z(G), is defined as
z(G) =∑b n2 ck=0 z(G, k). Obviously, z(G) is equal to the total number of matchings of G. A connected graph G = (V , E) is called
a quasi-tree graph, if there exists a vertex u0 in V such that G− u0 is a tree. Denote Q(n, d0) = {G : G is a quasi-tree graph
of order nwith G− u0 being a tree and dG(u0) = d0}. The concept of quasi-tree graph was first introduced in [13,18].
The Merrifield–Simmons index was introduced in 1982 in a paper of Prodinger and Tichy [22], although it was called
Fibonacci number of a graph there. TheMerrifield–Simmons index is one of themost popular topological indices in chemistry,
which was extensively studied in a monograph [20]. Recently, there have beenmany papers studying the Fibonacci number
for a graph. In [1], Alameddine studied bounds for the Fibonacci number of amaximal outer planar graph. Gutman [3], Zhang
and Tian [25,26] studied the Fibonacci number for hexagonal chains and catacondensed systems, respectively. In [16], Li
et al., characterized the tree with the maximal Fibonacci number among the trees with a given diameter. In [15], Li and
Zhao investigated the orderings of two classes of trees by their Fibonacci numbers, and used these orderings to determine
the unique tree with the second (respectively, the third) smallest Fibonacci number among all trees with n vertices. In [24],
Yu and Tian studied the Merrifield–Simmons index of the graphs with given edge-independence number and cyclomatic
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number. Yu and Lv [19,23] studied theMerrifield–Simmons index of trees with maximal degree and given pendent vertices,
respectively. Pedersen and Vestergaard [21] determined the upper and lower bounds for the number of independent sets in
a unicyclic graph in terms of its order, while the present authors determined the upper and lower bounds for the number of
independent sets in a bicyclic graph in terms of its order; see [9].
The Hosoya index of a graphwas introduced by Hosoya [7] andwas applied to correlations with boiling points, entropies,
calculated bond orders, as well as for coding of chemical structures [20]. Since then, many authors have investigated
the Hosoya index. In [3], Gutman obtained the unique linear hexagonal chain with minimal Hosoya index among all
hexagonal chains. In [26], Zhang and Tian determined the graphs with minimal and second-minimal Hosoya indices among
catacondensed systems. As for n-vertex trees, it has been shown that the path has the maximal Hosoya index and the
star has the minimal Hosoya index (see [5]). Recently, Hou [8] characterized the trees with a given size of matching and
having minimal and second-minimal Hosoya indices, respectively. In [11], Li, Li and Zhu determined the n-vertex unicyclic
graphs with the minimal, second-, third-, fourth-, fifth- and sixth-minimal Hosoya indices. In [6], Heuberger and Wagner
gave a characterization of the trees with given maximum degree which maximize the number of independent subsets, and
showed that these trees also minimize the number of independent edge subsets. Zhu and one of the present authors [17]
characterized the unique unicyclic graph of a given diameter with the maximum number of independent sets.
In light of the information available for Merrifield–Simmons index and Hosoya index, respectively, on trees, it is natural
to consider other classes of graphs, and the quasi-tree graphs are a reasonable starting point for such an investigation. In
this article, we at first characterize the n-vertex quasi-tree graphs with the largest, the second-largest, the smallest and the
second-smallest Merrifield–Simmons indices in Section 3. In the last section, we characterize the n-vertex quasi-tree graphs
with the largest, the second-largest, the smallest and the second-smallest Hosoya indices. Furthermore, we also determine
the n-vertex quasi-tree graphs with k pendent vertices having the smallest Hosoya indices.
In order to state our results, we introduce some notation and terminology. For other undefined notation we may refer
to Bondy and Murty [2]. We only consider finite, undirected and simple graphs. For a vertex v of a graph G, we denote
N(v) = {u|uv ∈ E(G)} and N[v] = N(v) ∪ {v}. A pendent vertex is a vertex of degree 1. The graph that arises from G by
deleting the vertex u ∈ V (G) or the edge uv ∈ E(G)will be denoted by G− u or G− uv. We denote by Pn, Cn and K1,n−1 the
path, the cycle and the star on n vertices, respectively. For any two graphs G and H , let G ∪ H denote the disjoint union of G
and H , and for any nonnegative integer t , let tG stand for the disjoint union of t copies of G. We obtain the join G+ H from
G ∪ H by adding all edges between G and H . Let HvK1,r denote the graph obtained by identifying the vertex v of H with the
center of star graph K1,r .
2. Preliminary results
In this section, we list some necessary results which are needed in this paper.
Lemma 2.1 ([5]). Let G = (V , E) be a graph.
(i) If uv ∈ E(G), then i(G) = i(G− uv)− i(G− N[u] ∪ N[v]) and z(G) = z(G− uv)+ z(G− {u, v}).
(ii) If v ∈ V (G), then i(G) = i(G− v)+ i(G− N[v]) and z(G) = z(G− v)+∑u∈N(v) z(G− {u, v}).
(iii) If G1,G2, . . . ,Gt are the components of the graph G, then i(G) =∏tj=1 i(Gj) and z(G) =∏tj=1 z(Gj).
For a graph G, according to the definition of i(G), by Lemma 2.1(ii), if v is a vertex of G, then i(G) > i(G − v) and
z(G) > z(G − v). In particular, when v is a pendent vertex of G and u is the unique vertex adjacent to v, we have
i(G) = i(G − v) + i(G − {u, v}) and z(G) = z(G − v) + z(G − {u, v}). So it is easy to see that i(P0) = 1, i(P1) = 2
and i(Pn) = i(Pn−1) + i(Pn−2); z(P0) = 1, z(P1) = 1 and z(Pn) = z(Pn−1) + z(Pn−2) for n ≥ 2. Let Fn be the nth Fibonacci
number, defined by Fn = Fn−1 + Fn−2 with initial conditions F0 = 1 and F1 = 1. We have
i(Pn) = Fn+1 = 1√
5
(1+√5
2
)n+2
−
(
1−√5
2
)n+2 ,
z(Pn) = Fn = 1√
5
(1+√5
2
)n+1
−
(
1−√5
2
)n+1 .
By Lemma 2.1(i), we can also obtain two important facts, i.e., i(G) < i(G− e) and z(G) > z(G− e), for any e ∈ E(G).
Lemma 2.2 ([12,22]). For any tree T on n vertices, Fn+1 ≤ i(T ) ≤ 2n−1 + 1, and the first equality holds if and only if T ∼= Pn,
the second equality holds if and only if T ∼= K1,n−1.
Lemma 2.3 ([5]). Let T be a tree with order n ≥ 1, then n ≤ z(T ) ≤ Fn, with the first equality if and only if T ∼= K1,n−1, the
second equality holds if and only if T ∼= Pn.
Two graphs are said to be disjoint if they have no vertex in common.
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Fig. 1. Graphs G,G∗1 and G
∗
2 .
Fig. 2. Graph T2,2,n−5 .
Lemma 2.4 ([14]). Let H, X, Y be three connected graphs pairwise disjoint. Suppose that u, v are two vertices of H, v′ is a vertex
of X, u′ is a vertex of Y . Let G be the graph obtained from H, X, Y by identifying v with v′ and u with u′, respectively. Let G∗1
be the graph obtained from H, X, Y by identifying vertices v, v′, u′, and let G∗2 be the graph obtained from H, X, Y by identifying
vertices u, v′, u′ (see Fig. 1), then
i(G∗1) > i(G), or i(G
∗
2) > i(G).
z(G∗1) < z(G), or z(G
∗
2) < z(G).
Let Pn,k denote the graph obtained from a path Pn−k+1 by attaching k− 1 isolated vertices to one end point of Pn−k+1.
Lemma 2.5 ([23]). Let T be a tree of order n with k pendent vertices, where 3 ≤ k ≤ n− 2, then
(i) i(Pn,k) > i(Pn,k−1).
(ii) i(T ) ≤ 2k−1 · Fn−k+1 + Fn−k, the equality holds if and only if T ∼= Pn,k.
(iii) z(T ) ≥ k · Fn−k + Fn−k−1, the equality holds if and only if T ∼= Pn,k.
Lemma 2.6 ([15,12]). Let n = 4m+ r, where n,m and r are integers with 0 ≤ r ≤ 3.
(i) For r ∈ {0, 1}, we obtain
F0Fn > F2Fn−2 > F4Fn−4 > · · · > F2mF2m+r > F2m−1F2m+r+1
> F2m−3F2m+r+3 > · · · > F3Fn−3 > F1Fn−1.
(ii) For r ∈ {2, 3}, we obtain
F0Fn > F2Fn−2 > F4Fn−4 > · · · > F2mF2m+r > F2m+1F2m+r−1
> F2m−1F2m+r+1 > · · · > F3Fn−3 > F1Fn−1.
Lemma 2.7 ([4,10]). If T ∈ Tn \ {K1,n−1, Pn,n−2, Pn}, then
z(K1,n−1) < z(Pn,n−2) < z(T ) < z(Pn),
where Tn is the set of n-vertex trees.
Lemma 2.8 ([15]). Let T be a tree with n vertices, if T 6∼= Pn and n ≥ 7, then i(T ) ≥ 4Fn−2 + Fn−4, the equality holds if and only
if T ∼= T2,2,n−5 (see Fig. 2).
3. The Merrifield–Simmons index of quasi-tree graphs
In this section, we shall give sharp upper and lower bounds of the Merrifield–Simmons indices among quasi-tree graphs
on n vertices. We also characterize the n-vertex quasi-tree graphs achieving the maximal and minimal values of Merrifield-
Simmons indices. We shall by Hn,3 denote the graph constructed by attaching n − 3 leaves to one vertex on a K3 and let
G∗ := K1 + Pn−1. Graphs Hn,3 and G∗ are depicted in Fig. 3.
Proposition 3.1. Let G ∈ Q(n, d0) with d0 ≥ 2, then
Fn + 1 ≤ i(G) ≤ 3 · 2n−3 + 1.
The equality holds on the left if and only if G ∼= G∗. The equality holds on the right if and only if G ∼= Hn,3.
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Fig. 3. Graphs Hn,3 and G∗ .
Fig. 4. Graphs Gj0,G
′
1 and G
′
2 .
Proof. In order to prove Proposition 3.1, we at first prove the following fact.
Fact 1. Let G be a general graph of order n, then i(G) ≤ 2n with equality if and only if G ∼= nK1.
Proof. Any independent set is a subset of the set of vertices and there are 2n subsets of the set of n vertices. Thus there are
at most 2n independent sets. The equality holds if and only if all subsets of the set of vertices are independent sets, which
holds if and only if there is no edge at all. 
Next we shall prove the left inequality of Proposition 3.1. By Lemma 2.1(ii) and 2.2, we obtain
i(G) = i(G− u0)+ i(G− N[u0]) ≥ Fn + 1,
the equality holds if and only if G− u0 ∼= Pn−1, G−N[u0] ∼= ∅, which implies that u0 is adjacent to each vertex of Pn−1. Then
the left equality holds if and only if G ∼= G∗.
Nowwe are to show the right inequality in this proposition. For G ∈ Q(n, d0)with d0 ≥ 2,G− u0 is a tree and G−N[u0]
is a forest with at most n− 3 vertices. By Lemma 2.1(ii), 2.2 and Fact 1, we obtain
i(G) = i(G− u0)+ i(G− N[u0]) ≤ 2n−2 + 1+ 2n−3 = 3 · 2n−3 + 1.
The equality holds if and only if G−u0 ∼= K1,n−2, G−N[u0] ∼= (n−3)K1. Then the right equality holds if and only if G ∼= Hn,3.
This completes the proof of Proposition 3.1. 
By Lemma 2.2 and Proposition 3.1, the following result is immediate.
Theorem 3.2. Let G ∈ Q(n, d0) with d0 ≥ 1, then
Fn + 1 ≤ i(G) ≤ 2n−1 + 1.
The equality holds on the left if and only if G ∼= G∗. The equality holds on the right if and only if G ∼= K1,n−1.
Now we shall give the second-largest and the second-smallest Merrifield–Simmons indices among n-vertex quasi-tree
graphs.
Proposition 3.3. Let G ∈ Q(n, d0) with d0 ≥ 2. If G 6∼= Hn,3,G∗, then
Fn + 2 ≤ i(G) ≤ 5 · 2n−4 + 2.
The equality holds on the left if and only if G ∼= Gj0, j = 1, 2, . . . , n− 1, or G ∼= K1+ P5,3 when n = 6. The equality holds on the
right if and only if G ∼= G′1 or G ∼= G′2, where Gj0,G′1 and G′2 are depicted in Fig. 4.
Proof. Firstly we show that the left inequality holds. As G ∈ Q(n, d0)with d0 ≥ 2, by Lemma 2.1(ii), we have
i(G) = i(G− u0)+ i(G− N[u0]). (3.1)
Thus, by Eq. (3.1) we might distinguish three cases to obtain our result.
Case 1. Both i(G− u0) and i(G− N[u0]) attain the smallest values. That is, G− u0 ∼= Pn−1 and G− N[u0] ∼= ∅, therefore,
in this case, we get that G ∼= G∗, which is impossible.
Case 2. i(G−u0) attains its smallest value, while i(G−N[u0]) attains its second-smallest value. In this case, G−u0 ∼= Pn−1
and G− N[u0] ∼= K1. By Lemma 2.1(ii), 2.2, Theorem 3.2 and Eq. (3.1), we obtain
i(G) ≥ Fn + 2,
the equality holds if and only if G− u0 ∼= Pn−1, G− N[u0] ∼= K1, which is equivalent to G ∼= Gj0, j = 1, 2, . . . , n− 1.
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Case 3. i(G− N[u0]) attains its smallest value, while i(G− u0) attains its second-smallest value. That is, G− u0 6∼= Pn−1.
By Lemmas 2.2 and 2.8, Pn has the smallest Merrifield–Simmons index among n-vertex trees, while T2,2,n−5 has the second-
smallest Merrifield–Simmons index when n ≥ 7; when n < 7 it is straightforward to determine the trees with the second-
smallest Merrifield–Simmons indices. Thus, by Lemma 2.1(ii), 2.2, 2.8 and Theorem 3.2, together with Eq. (3.1) we get
i(G) ≥
{4Fn−2 + Fn−4 + 1 > Fn + 2, n ≥ 8;
23+ 1 > F7 + 2, n = 7;
14+ 1 = F6 + 2, n = 6.
When n = 6, the equality holds in i(G) ≥ 15 if and only if G − u0 ∼= P5,3 and G − N[u0] = ∅, which is equivalent to
G ∼= K1 + P5,3 or, G ∼= K1 + P5,3 when n = 6.
Hence, by Cases 1–3, the left equality holds in Proposition 3.3 if and only if G ∼= Gj0, j = 1, 2, . . . , n− 1.
Now we show that the right inequality holds. As G ∈ Q(n, d0) with d0 ≥ 2. Thus, also by Eq. (3.1) we might distinguish
three cases to obtain our result.
Case 1. Both i(G − u0) and i(G − N[u0]) attain the largest values. That is, G − u0 ∼= K1,n−2 and G − N[u0] ∼= (n − 3)K1,
therefore, in this case, we get that G ∼= Hn,3, which is impossible.
Case 2. i(G − N[u0]) attains its largest value, while i(G − u0) attains its second-largest value. That is, G − u0 6∼= K1,n−2.
By Lemmas 2.2 and 2.5(i), (ii), K1,n−1 has the largest Merrifield–Simmons indices among n-vertex trees, while Pn,n−2 has
the second-largest Merrifield–Simmons indices. Therefore, G − N[u0] is a forest with at most n − 3 vertices. Thus, by
Lemma 2.1(ii), 2.2, 2.5 and Theorem 3.2, together with Eq. (3.1) we obtain
i(G) ≤ 3 · 2n−4 + 2+ 2n−3 = 5 · 2n−4 + 2,
the equality holds if and only if G− u0 ∼= Pn,n−2, G− N[u0] ∼= (n− 3)K1, which is equivalent to G ∼= G′1, or G ∼= G′2.
Case 3. i(G− u0) attains its largest value, while i(G−N[u0]) attains its second-largest value. In this case, G− u0 ∼= K1,n−2
and G− N[u0] ∼= (n− 4)K1. By Lemma 2.1(ii), 2.2, Theorem 3.2 and Eq. (3.1), we obtain
i(G) ≤ 2n−2 + 1+ 2n−4 = 5 · 2n−4 + 1 < 5 · 2n−4 + 2.
Hence, by Cases 1–3, the right equality holds in Proposition 3.3 if and only if G ∼= G′1, or G ∼= G′2.
This completes the proof of Proposition 3.3. 
By Lemmas 2.2 and 2.8 and Proposition 3.3, the following result is immediate.
Theorem 3.4. Let G ∈ Q(n, d0) with d0 ≥ 1, n ≥ 4, if G 6∼= K1,n−1,G∗, then
Fn + 2 ≤ i(G) ≤ 3 · 2n−3 + 2
with the left equality if and only if G ∼= Gj0, j = 1, 2, . . . , n− 1 or, G ∼= K1+ P5,3 when n = 6; with the right equality if and only
if G ∼= Pn,n−2.
4. The Hosoya index of quasi-tree graphs
In this section, we shall give the largest and the second-largest, the smallest and the second-smallest Hosoya indices
of quasi-tree graphs. The corresponding extremal graphs are characterized. Furthermore, we also determine the quasi-tree
graphs with k pendent vertices having smallest Hosoya index.
Proposition 4.1. Let G ∈ Q(n, d0) with d0 ≥ 2, then
2n− 2 ≤ z(G) ≤ Fn−1 +
n−2∑
i=0
FiFn−2−i,
the left equality holds if and only if G ∼= G∗; the right equality holds if and only if G ∼= Hn,3.
Proof. In order to prove these results, we show the following facts at first. Note that Fn+m = FnFm + Fn−1Fm−1; it is easy to
get the following fact by induction.
Fact 1′. Given a positive integer t ≥ 2, then∏ti=1 Fni ≤ Fn, where∑ti=1 ni = n. The equality holds if and only if ni = n, n1 =
n2 = · · · = ni−1 = ni+1 = · · · = nt = 0.
Proof. We shall prove it by induction on t . For t = 2, Fn ≥ Fn1Fn2 , the equality holds if and only if n1 = 0 or n2 = 0. Nowwe
shall assume that t ≥ 3 and the results holds for smaller values of t . Then∏t−1i=1 Fni · Fnt ≤ F∑t−1i=1 ni · Fnt ≤ Fn, with equality
if and only if ni = n, n1 = n2 = · · · = ni−1 = ni+1 = · · · = nt = 0. 
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Fact 2′. Let F = T1 ∪ T2 ∪ T3 ∪ · · · ∪ Tt be a forest with order n ≥ 2 and t ≥ 2, where Ti is a tree on ni vertices, i = 1, 2, . . . , t.
Then z(F) ≤∏ti=1 Fni with equality if and only if Ti ∼= Pni . Moreover z(F) ≤ Fm1 · Fm2 , where m1 +m2 = n with equality if and
only if F ∼= Pm1 ∪ Pm2 .
Proof. By Lemma 2.1(iii) and 2.3, we obtain
z(F) =
t∏
i=1
z(Ti) ≤
t∏
i=1
z(Pni) ≤
t∏
i=1
Fni ,
with equality if and only if Ti ∼= Pni . By Fact 1′ we obtain
z(F) ≤
t∏
i=1
Fni ≤ Fm1Fm2
with equalities if and only if F ∼= Pm1 ∪ Pm2 .
This completes the proof of Fact 2′. 
Next we prove the right inequality in this proposition. For G ∈ Q(n, d0) with d0 ≥ 2, G − u0 is a tree. For convenience,
let u ∈ N(u0). We distinguish two cases to prove our results.
Case 1. G− {u, u0} is a tree. Note that among the n-vertex trees, Pn has the maximal Hosoya index; therefore, only when
G−{u, u0} is a path (by symmetry there exist exactly two vertices, say u1, u2, such thatG−{u1, u0},G−{u2, u0}, respectively,
are paths), it has the largest Hosoya index.
Case 2. G − {u, u0} is a forest. By Fact 2′, only when the forest has two components each of which is a path, it has the
largest Hosoya index. That is to say, for u ∈ N(u0) − {u1, u2}, when G − {u, u0} is the union of two paths, then it has the
largest Hosoya index. By Lemma 2.1(ii) and 2.3, we obtain
z(G) = z(G− u0)+
∑
u∈N(u0)
z(G− {u, u0})
≤ Fn−1 + Fn−2 + Fn−3 + F2Fn−2−2 + · · · + Fn−2
= Fn−1 +
n−2∑
i=0
FiFn−2−i,
the equality holds if and only if G− u0 ∼= Pn−1, G− {u, u0} ∼= Pi ∪ Pn−2−i, for u ∈ N(u0), then the equality holds if and only
if G ∼= G∗.
Now we prove the left inequality. For G ∈ Q(n, d0)with d0 ≥ 2, G− u0 is a tree, G− {u, u0} is a forest. By Lemma 2.1(ii),
it implies that d0 = 2, G − {u′, u0} is the union of isolate vertices and has the smallest Hosoya index, which implies that
G− {u′′, u0} is a star. Then we obtain
z(G) = z(G− u0)+ z(G− {u′′, u0})+ z(G− {u′, u0}) ≥ n− 1+ n− 2+ 1 = 2n− 2.
The equality holds if and only if G−u0 ∼= K1,n−2, G−{u′′, u0} ∼= K1,n−3, and G−{u′, u0} ∼= (n−2)K1. Therefore, the equality
holds if and only if G ∼= Hn,3.
This completes the proof. 
By Lemma 2.7 and Proposition 4.1, we obtain the following theorem.
Theorem 4.2. Let G ∈ Q(n, d0) with d0 ≥ 1 and n ≥ 2, then
n ≤ z(G) ≤ Fn−1 +
n−2∑
i=0
FiFn−2−i.
The left equality holds if and only if G ∼= K1,n−1. The right equality holds if and only if G ∼= G∗.
Proposition 4.3. Let G ∈ Q(n, d0) with d0 ≥ 2, n ≥ 3, G 6∼= G∗,Hn,3, then
3n− 7 ≤ z(G) ≤ Fn−2 +
n−2∑
i=0
FiFn−2−i,
The equality holds on the left if and only if G ∼= G′1; see Fig. 4. The equality holds on the right if and only if G ∼= G20 or, G ∼= Gn−20 ,
where G20 (respectively, G
n−2
0 ) is the graph G
j
0 depicted in Fig. 4 when j = 2 (respectively, j = n− 2).
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Fig. 5. Graph G′ .
Proof. We shall prove the right inequality at first. For G ∈ Q(n, d0) with d0 ≥ 2, G− u0 ∼= K1,n−2. By Lemma 2.6, F1Fn−3 is
one of the smallest numbers in {FiFn−2−i : i = 0, 1, . . . , n − 2}. By Lemma 2.1(ii), 2.3 and the proof of Proposition 4.1, we
obtain
z(G) = z(G− u0)+
∑
u∈N(u0)
z(G− {u, u0})
≤ Fn−1 + Fn−2 + F2Fn−2−2 + · · · + Fn−2
= Fn−1 +
n−2∑
i=0
FiFn−2−i − Fn−3
= Fn−2 +
n−2∑
i=0
FiFn−2−i,
the equality holds if and only if G− u0 ∼= Pn−1, G− {u, u0} ∼= Pi ∪ Pn−2−i, where u ∈ N(u0), i 6= 1. Then the equality holds if
and only if G ∼= G20 or, G ∼= Gn−20 .
Now we prove the left inequality. For G ∈ Q(n, d0) and d0 ≥ 2. Lemma 2.1(ii) implies d0 = 2.
Case 1. G− u0 ∼= K1,n−2. In this case, G− {u, u0} is a forest with at most n− 3 vertices for G 6∼= Hn,3, and z(G− {u, u0}) ≥
z(K1,n−3) for u ∈ N(u0), by Lemma 2.1(ii), we obtain
z(G) = z(G− u0)+ 2z(G− {u, u0}) ≥ n− 1+ 2(n− 2) = 3n− 5 > 3n− 7.
Case 2. G − u0 6∼= K1,n−2. By Lemma 2.7, we know that the second-smallest Hosoya indices of trees are Pn,n−2, and
G − {u, u0} 6∼= (n − 2)K1 for G 6∼= Hn,3, it is easy to know that the second-smallest Hosoya indices in G − {u1, u0} are
(n− 4)K1 ∪ K2, and we can get G− {u2, u0} ∼= K1,n−4 ∪ K1, where u1, u2 ∈ N(u0). By Lemma 2.1(ii), we obtain
z(G) = z(G− u0)+ z(G− {u1, u0})+ z(G− {u2, u0})
≥ z(Pn,n−2)+ 2+ z(K1,n−4) · z(K1)
= 2n− 5+ n− 4+ 2
= 3n− 7
with equality if and only if G − u0 ∼= Pn,n−2, G − {u2, u0} ∼= K1,n−4 ∪ K1, and G − {u1, u0} ∼= K2 ∪ (n − 4)K1, then the left
equality holds in Proposition 4.3 if and only if G ∼= G′1.
This completes the proof. 
By Lemma 2.7 and Proposition 4.3, we obtain the following theorem.
Theorem 4.4. Let G ∈ Q(n, d0) with d0 ≥ 1 and n ≥ 3, if G 6∼= K1,n−1,G∗, then
2n− 5 ≤ z(G) ≤ Fn−2 +
n−2∑
i=0
FiFn−2−i.
The left equality holds if and only if G ∼= Pn,n−2. The right equality holds if and only if G ∼= G20 or, G ∼= Gn−20 ; see Fig. 4.
At the end of this section, we shall determine the improved lower bounds of the Hosoya index of quasi-tree graphs with
k pendent vertices. DenoteQ(n, d0, k) = {G : G ∈ Q(n, d0)with k pendent vertices}.
By Lemma 2.7 and Theorem 4.4, when k = n− 1, z(G) ≥ z(K1,n−1), the equality holds if and only if G ∼= K1,n−1.
By Theorem 3.12, if k = n− 2, then only when d0 = 1 there exists G such that z(G) ≥ z(Pn,n−2), the equality holds if and
only if G ∼= Pn,n−2. Moreover, when d0 ≥ 2, such G does not exist.
When k = n− 3, G ∈ Q(n, d0, k) ⊆ Q(n, d0), by Lemma 2.5(iii) and Proposition 4.1, we get z(G) ≥ z(Hn,3), the equality
holds if and only if G ∼= Hn,3.
So in what follows we assume that 0 ≤ k ≤ n− 4.
Proposition 4.5. Let G ∈ Q(n, d0, k) with n ≥ 4, d0 ≥ 2 and 0 ≤ k ≤ n− 4, then
z(G) ≥ n− 1+ (n− 2)(n− k− 2)
with equality if and only if G ∼= G′; see Fig. 5.
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Proof. For G ∈ Q(n, d0, k) with n ≥ 4, d0 ≥ 2 and k ≥ 1. Assume that H is a subgraph of G such that H has no leaf and
u0 ∈ V (H) ⊂ V (G), then by Lemma 2.4, z(G) > Z(HvK1,k). As G − u0 is a tree, HvK1,k − v is some K1 components and a
connected graph, sayH ′. MoreoverH−{u, v} is a connected graph, where u ∈ NH(v), otherwiseG−u0 is not a tree.We know
that H − {u, v} attains the smallest Hosoya index when H − {u, v} ∼= K1,n−k−3, and dH(v) = n− k− 2. Let {v1, v2, . . . , vk}
denote the set of leaves of HvK1,k, thus HvK1,k − {u, v} ∼= H ′ ∪ (k− 1)K1. By Lemma 2.1(ii), we obtain
z(HvK1,k) = z(HvK1,k − v)+
∑
u∈N(v)
z(HvK1,k − {u, v})
= z(HvK1,k − v)+
∑
u∈NH (v)
z(HvK1,k − {u, v})+ k · z(H ′)
= (k+ 1)z(H ′)+ (n− k− 2)z(HvK1,k − {u, v})
≥ (k+ 1)(n− k− 1)+ (n− k− 2)(n− k− 2) (4.1)
= n− 1+ (n− k− 2)(n− 2).
The equality holds in (4.1) if and only ifH ′ ∼= K1,n−k−2,G−{u, v} ∼= K1,n−k−3∪kK1, andHvK1,k−{vi, v} ∼= K1,n−k−2∪(k−1)K1.
Therefore, z(G) = n− 1+ (n− 2)(n− k− 2) if and only if G ∼= G′; see Fig. 5.
This completes the proof of Proposition 4.5. 
By direct calculation, we have
• If k = n− 4, then
z(G′) = n− 1+ (n− 2)(n− k− 2) = 3n− 5;
z(Pn,k) = kFn−k + Fn−k−1 = 5n− 17.
Therefore, z(Pn,k) ≥ z(G′) for n ≥ 6.
• If k = n− 5, then
z(G′) = n− 1+ (n− 2)(n− k− 2) = 4n− 7;
z(Pn,k) = kFn−k + Fn−k−1 = 8n− 35.
Therefore, z(Pn,k) < z(G′) for n < 7.
• If k = n− 6, then
z(G′) = n− 1+ (n− 2)(n− k− 2) = 5n− 9;
z(Pn,k) = kFn−k + Fn−k−1 = 13n− 70.
Therefore, z(Pn,k) > z(G′) for n ≥ 8.
By Lemma 2.5(iii), Proposition 4.5 and the above facts, we have
Theorem 4.6. Let G ∈ Q(n, d0, k) with n ≥ 4, d0 ≥ 1 and 0 ≤ k ≤ n− 4, then
(i) for k = 0, 1,
z(G) ≥ n− 1+ (n− 2)(n− k− 2)
with equality if and only if G ∼= G′;
(ii) for k = 2,
z(G) ≥
{
n, when n ≥ 5, with equality if and only if G ∼= Pn,2;
n− 1+ (n− 2)(n− k− 2), when n = 4, with equality if and only if G ∼= G′;
(iii) for k ≥ 3,
z(G) ≥ min{n− 1+ (n− 2)(n− k− 2), k · Fn−k + Fn−k−1}
with equality if and only if G ∼= G′, or Pn,k.
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